Is a Parabolic Subgroup Determined by the Open Adjoint Orbit on the Center of Its Unipotent Radical? by Koichi Takase
COMMENTARII MATHEMATICI
UNIVERSITATIS SANCTI PAULI
Vol. 52, No. 2 2003
ed. RIKKYO UNIV/MATH
IKEBUKURO TOKYO
171–8501 JAPAN
Is a Parabolic Subgroup Determined by the Open Adjoint Orbit
on the Center of Its Unipotent Radical?
by
Koichi TAKASE
(Received June 2, 2003)
1. Introduction
1.1. Let G be a connected semisimple linear algebraic group defined over a subfield
F0 of the complex number field C, and P a proper parabolic subgroup of G defined over
F0. Let P = N  L be a Levi decomposition over F0, that is, N = Ru(P) is the unipotent
radical of P, and L is a connected reductive subgroup of P defined over F0. Let n = Lie N
be the Lie algebra of N over the complex number field, and
n = C1  C2  · · ·  Cd  Cd+1 = {0}
the central descending series of n; Ck+1 = [Ck, n] which is stable under the adjoint action
of P. Put Vk = Ck/Ck+1 (k = 1, 2, · · · , d). Since N is defined over F0, its Lie algebra n
has a F0-structure nF0 , and the subalgebras Ck and the vector spaces Vk have induced F0-
structures Ck,F0 and Vk,F0 respectively. It is known that (L,Ad, Vk) is a prehomogeneous
vector space defined over F0 [9, Cor.4.1.11]. Since the adjoint action of N on Vk is trivial,
the prehomogeneous vector spaces (L,Ad, Vk) and (P,Ad, Vk) have the same Zariski open
orbits, the same relative invariants, and they are regular simultaneously. However these two
descriptions have their own advantages; in the former description, the group L is reductive.
In the latter, the story is independent of the choice of L. We will use both presentations in
accordance with the situations.
We are concerned with the last member (L,Ad, Vd) (or (P,Ad, Vd)), and let Ω be the
Zariski open L-orbit in Vd . Note that Vd = Cd is contained in the center of n, and they are
equal when g = Lie G is simple (Proposition 2.2.1). For any intermediate field F of C/F0,
put Vd,F = Vd,F0 ⊗F0 F and ΩF = Ω ∩ Vd,F . We denote by G(F ) the group of F -valued
points on G. Then we will consider the following property:
(E)F {g ∈ G(F ) | Ad(g)ΩF ∩ ΩF = ∅} = P(F ).
The property (E)F implies the property (E)F ′ for all intermediate fields F ′ of F/F0. So the
property (E)
 
is the strongest, and the property (E)F0 is the weakest. We can pose some
natural problems on the property (E)F ;
1) for a fixed field F , determine the parabolic subgroups P which have property
(E)F ,
139
140 K. TAKASE
2) for a fixed field F and a fixed parabolic subgroup P, determine the smallest inter-
mediate field F ′ of F/F0 such that the property (E)F is equivalent to the property
(E)F ′ .
In this paper, we will investigate the first problem with F = C. For the second problem,
see the end of this introduction.
1.2. The problems posed above originate from the following consideration on a di-
mension formula of a space of automorphic forms on a semisimple group. It is an attempt
to generalize a result of Shintani [14] to all semisimple Lie groups having integrable unitary
representations.
Suppose the semisimple algebraic group G and its parabolic subgroup P are defined
over the rational number field Q. Put G = G(R), which is a real semisimple Lie group
with finite center. Let K be a maximal compact subgroup of G. Let π be an irreducible
unitary representation of G which is integrable (we shall assume its existence, or suppose
rankG = rankK), and δ the minimal K-type of π . We will denote by Hπ(δ) the δ-isotypic
subspace of a representation space Hπ of π , and by Pδ the orthogonal projection of Hπ
onto Hπ(δ). Then the spherical trace function ψπ,δ of π with K-type δ is defined by
ψπ,δ(x) = (dim δ)−1tr (Pδ ◦ π(x) ◦ Pδ) (x ∈ G)
(see [16, Vol.II, p.5]). Here tr is the trace on the Hilbert space Hπ (actually it is the trace on
a finite dimensional vector space Hπ(δ)). Let us denote by Vδ a representation space of δ.
Let Γ be an arithmetic subgroup of G(Q). Fix a Haar measure dG(x) on G, and
normalize a G-invariant measure dG(x˙) on Γ \G so that∫
G
ϕ(x)dG(x) =
∫
Γ \G
∑
γ∈Γ
ϕ(γ x)dG(x˙)
for all compactly supported C-valued continuous function ϕ on G. Then the space Aˇδ(Γ \G,
π) of automorphic forms on G with respect to Γ of weight δ associated with π is, by the
definition, the complex vector space consisting of Vδ-valued continuous function f on G
which satisfies the conditions
1) f (γ x) = f (x) for all γ ∈ Γ ,
2) ∫
Γ \G |f (x)|2dG(x˙) < ∞,
3) f (xk) = δ(k−1)f (x) for all k ∈ K and
4) f ∗ ϕ = ψ̂π,δ(ϕ)f for all ϕ ∈ Cc(G, δ)o.
Here
f ∗ ϕ(x) =
∫
G
f (xy−1)ϕ(y)dG(y)
is the convolution on G, and Cc(G, δ)o is the space of compactly supported continuous
C-valued functions ϕ on G satisfying the conditions
1) ϕ(kxk−1) = ϕ(x) for all k ∈ K and
2) ∫K eδ(k)ϕ(k−1x)dK(k) = ϕ(x)
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where eδ(k) = dim δ · tr δ(k−1) and dK(k) is the Haar measure on K normalized so that∫
K
dK(k) = 1. For any ϕ ∈ Cc(G, δ)o, put
ψ̂π,δ(ϕ) =
∫
G
ϕ(x)ψπ,δ(x)dG(x) .
Now [15] shows that the series
KΓπ,δ(x, y) =
∑
γ∈Γ
ψπ,δ(x
−1γy)
converges absolutely for all x, y ∈ G, gives a bounded continuous function on G × G and
the dimension of Aˇδ(Γ \G,π) is given by
dim
 
Aˇδ(Γ \G,π) = dπ
∫
Γ \G
KΓπ,δ(x, x)dG(x˙) (1)
which is finite. Here dπ is the formal degree of π .
Now Shintani’s arguments in [14] can be generalized as follows. Let
P = P(R), L = L(R), N = N(R)
be the groups of real points on each algebraic groups defined over Q. Fix a Haar measure
dL(l) on the reductive Lie group L. The exponential mapping gives an isomorphism of
n

= n

⊗ R onto N as real analytic manifolds, and a Haar measure dN(n) on N is given
by dN(expX) = dX, where dX is a Lebesgue measure on the real vector space n

. Since
P = N  L is a semi-direct product, a Haar measure dP (p) on P is defined by
dP (nl) = Δ(l)−1dN(n)dL(l) (n ∈ N, l ∈ L)
where Δ(l) = ∣∣det (Ad(l)|
 
 
)∣∣ for l ∈ L. Because we have G = PK , the Haar measure
dG(x) on G is normalized so that∫
G
ϕ(x)dG(x) =
∫
P
(∫
K
ϕ(pk)dK(k)
)
dP (p)
for all compactly supported continuous C-valued functions ϕ on G. Let Gd be the algebraic
subgroup of G corresponding to the Lie algebra Cd . Then there exists a Z-latticeM of Vd,
such that
Γ ∩ Gd(Q) = expM .
Now we shall suppose the following conditions;
(A) the prehomogeneous vector space (L,Ad, Vd) is regular,
(B) there exists an element X ∈ Ω

such that LoX has no non-trivial characters
defined over Q, where LoX is the identity component of the isotropy subgroup in
L of X,
(C) there exists an embedding G ↪→ GLn such that Γ is a normal subgroup of
G(Z) = G(Q) ∩ GLn(Z) and
(E) P has the property (E)

.
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The condition (A) guarantees the existence of relative invariants. Let p1, · · · , pr be the ba-
sic relative invariants of the prehomogeneous vector space (L,Ad, Vd) and χi the character
of L attached to pi . Put
Π

= {γ ∈ Γ | σγ σ−1 ∈ exp(Ω

) for some σ ∈ G(Z)} .
Note that, due to the condition (C), the set Π

is a union of several Γ -conjugacy classes.
These classes may be called central unipotent classes associated with the parabolic sub-
group P. For all algebraic subgroup H of G defined over Q, put H(Z) = H(Q) ∩ GLn(Z)
with respect to the embedding assumed in the condition (C). Then we have
PROPOSITION 1.2.1. 1) there exists rational numbers ai such that Δ(l) =
r∏
i=1
|χi(l)|ai for all l ∈ L,
2) Δ(l) = 1 for all l ∈ L(Z),
3) put UΓ = exp(M ∩ Ω

), then Π

=
⊔
σ∈()\()
σ−1UΓ σ (disjoint union).
Proof. 1) Due to the condition (B), there exists an element X ∈ Ω

such that LoX
has no non-trivial characters defined over Q. Put χ(l) = det (Ad(l)|
 
) for l ∈ L(C).
Then χ is a character of L defined over Q. Because the index m = (LX : LoX) is finite,
the character χm is trivial on LX. Then, by the general theory of relative invariants of
prehomogeneous vector space, we have χm = ∏ri=1 χmii with mi ∈ Z. So we can put
ai = mi/m.
2) The adjoint action defines a rational representation of L on a complex vector space
n. Then there exists an arithmetic subgroup Γ ′ of GL

(n

) such that Ad (L(Z)) ⊂ Γ ′ (see
[1, Cor.7.13]). On the other hand there exists a Z-lattice N in n

which is invariant with
respect to Γ ′ (see [8, p.173, Prop.4.2]). Then we have det (Ad(l)|
 
) = ±1 for all l ∈ L(Z).
3) Because UΓ = Γ ∩ exp(Ω

), we have clearly
Π

=
⋃
σ∈ ()
σ−1UΓ σ .
Take an element σ ∈ G(Z). If σUΓ σ−1 ∩ UΓ = ∅, then we have Ad(σ )Ω

∩ Ω

= ∅.
Then the condition (E)

implies that σ is an element of P(Q) = N(Q)  L(Q). Since Ω

is stable under the adjoint action of L(Q), and since Ω

is contained in the center of n, we
have σUΓ σ−1 = UΓ . 
Now we will consider the following integral;
I

=
∫
Γ \G
∑
γ∈Π

ψπ,δ(x
−1γ x)dG(x˙) .
The integrand is a partial sum of the integrand of the dimension formula (1), however the
convergence of the integral I

is not guaranteed. Anyway the integral I

is the contribution
to the dimension formula (1) from the central unipotent conjugacy classes attached to P.
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We want to make a connection between I

and a special value of zeta functions associated
with the prehomogeneous vector space (L,Ad, Vd). The connection is made by unfolding
the integral I

in the following way:
I

= (G(Z) : Γ )
∫
 ()\G
∑
σ∈()\()
∑
γ∈UΓ
ψπ,δ(x
−1σ−1γ σx)dG(x˙)
= (G(Z) : Γ )
∫
()\G
∑
γ∈UΓ
ψπ,δ(x
−1γ x)dG(x˙)
= (G(Z) : Γ )
∫
()\P
∑
γ∈UΓ
ψπ,δ(x
−1γ x)dP (x˙)
= CΓ ·
∫
()\L
Δ(l)−1
∑
γ∈UΓ
ψπ,δ(l
−1γ l)dL(l˙)
= CΓ ·
∫
()\L
r∏
i=1
|χi(l)|ai
∑
X∈M∩Ω
 
fπ,δ(Ad(l)X)dL(l˙)
where CΓ = (G(Z) : Γ )(P(Z) : N(Z)L(Z)) · vol (N(Z)\N) and
fπ,δ(X) = ψπ,δ(expX) (X ∈ Vd,) .
Note that the index (P (Z) : N(Z)L(Z)) is finite (see [1, Cor.7.13]), and N(Z)\N is compact
(see proof of [1, Th.8.7]). The last integral in the above equality is just the same form as
the zeta integral of the prehomogeneous vector space (L,Ad, Vd). However the function
fπ,δ is not a Schwartz function on Vd,, and this fact causes the difficulty to guarantee the
convergence of I

. In order to show the absolute convergence of I

, Shintani [14] applies
the Poisson summation formula to a sum
∑
X∈M fπ,δ(X). The corresponding arguments
in our case will be treated in forthcoming papers.
1.3. In the next section, we will give some sufficient conditions for (E)
 
when G and
P are defined over C. As a corollary, we will show that P has property (E)
 
if the preho-
mogeneous vector space (L,Ad, Vd) has a non-trivial relative invariant and P is maximal
among the proper parabolic subgroups of G defined over C (Theorem 2.3.3).
In §3, we will consider the case of classical simple algebraic groups over C. By means
of case-by-case checking, we can make a complete list of the parabolic subgroups which
have property (E)
 
(see the table in section 3.1). By this table, we will show that, if G is
a classical simple algebraic group defined over Q and P is a proper parabolic subgroup of
G defined over Q, and if (L,Ad, Vd) is regular, then, except the cases in which the Satake
diagram of G over Q is of type A or D with trivial Galois action, P has property (E)
 
if and
only if P is maximal among the proper parabolic subgroups of G defined over Q (Theorem
3.1.1).
In §4, we will consider the case in which G is defined over R and the associated sym-
metric space G/K has G-invariant complex structure. Applying the results of §2, we will
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show that, if P corresponds to a boundary component of G/K , then the prehomogeneous
vector space (L,Ad, Vd) is regular and P has property (E)
 
(Theorem 4.2.1).
In the last section, we will consider our problem from geometric point of view. The
property (E)
 
says that the nilpotent G(C)-orbit through X ∈ Ω is a fibre bundle over
a projective variety G/P(C) with fibre Ad(g)Ω over a point g˙ ∈ G/P(C). Now let us
start from a nilpotent orbit. We will define a special class of nilpotent orbits (nilpotent
orbits of regular commutative parabolic type), and determine, for each simple Lie algebras,
all nilpotent orbits of this class. As a result, for simple Lie algebras of classical type,
the nilpotent orbits of regular commutative parabolic type correspond bijectively to the
parabolic subgroups having property (E)
 
and with a regular prehomogeneous vector space
(P,Ad, Cd). For the simple Lie algebras of exceptional type, the list of nilpotent orbits of
regular commutative parabolic type gives several parabolic subgroups having property (E)
 
and with a regular prehomogeneous vector space (P,Ad, Cd).
1.4. Does the property (E)F0 imply the property (E)  ? This is an open question,
although the following proposition is suggested by the referee. Let us denote by GX the fix
point subgroup of X ∈ Ω , or the centralizer of X in G:
GX(C) = {g ∈ G(C) | Ad(g)X = X} .
The identity component of GX is denoted by GoX.
PROPOSITION 1.4.1. Let F be a intermediate field of C/F0. Assume that there exists
a X ∈ ΩF such that all the cosets of GX(C) modulo GoX(C) are represented by elements
of GX(F). Then the property (E)
 
is equivalent to the property (E)F .
Proof. We have GX(F) = ⊔i giGoX(F ) where {gi} is a complete set of representa-
tives the cosets of GX(C) modulo GoX(C). Then GX(F) is Zariski dense in GX(C), because
G
o
X(F ) is Zariski dense in G
o
X(C) [7, p.220, Theorem]. Suppose that P has property (E)F .
Then GX(F) is contained in P(C) and then GX(C) is contained in P(C). Now for any
g ∈ G(C) such that Ad(g)Ω ∩ Ω = ∅, there exist elements l and l′ of L(C) such that
Ad(gl′)X = Ad(l)X. Then we have l−1gl′ ∈ GX(C) ⊂ P(C), and g ∈ P(C). So P has
property (E)
 
. 
Let F 0 be the algebraic closure of F0 in C. Then, for any X ∈ ΩF 0 , all the cosets
of GX(C) modulo GoX(C) are represented by elements of GX(F 0). So Proposition 1.4.1
implies that (E)
 
is equivalent to (E)F for some finite extension F of F0.
2. Sufficient conditions for property (E)
 
2.1. Let G a connected semisimple linear algebraic group defined over C and T a
maximal torus of G. Let us denote by Φ = Φ(G,T) the root system of G with respect
to T. The Lie algebra g = Lie(G) of G over C is a complex semisimple Lie algebra, and
the Lie algebra h = Lie(T) is a Cartan subalgebra of g. Then Φ is identified with the root
system Φ = Φ(g, h) of g with respect to h by mapping a root to its differential. Fix a
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fundamental root system Ψ of Φ. The set of positive roots with respect to Ψ is denoted by
Φ+. The root space with respect to a root α ∈ Φ is denoted by gα .
Fix a subset θ of Ψ , and put
hθ = {H ∈ h | α(H) = 0 ∀α ∈ θ}
and
lθ = {X ∈ g | [H,X] = 0 ∀H ∈ hθ } = h ⊕
⊕
α∈〈θ〉
gα
where 〈θ〉 is the set of roots contained in the Z-linear span of θ . The Killing form B

of g
is non-degenerate on lθ × lθ . In particular lθ is reductive Lie algebra. The center of lθ is the
orthogonal complement of [lθ , lθ ] with respect to B, and is equal to hθ . Put
pθ = lθ ⊕ nθ where nθ =
⊕
α∈Φ+θ
gα
with Φ+θ = Φ+ \ 〈θ〉 = {α ∈ Φ+ | α(hθ ) = 0}. Let Pθ be the algebraic subgroup of G
such that
Pθ (C) = {g ∈ G(C) | Ad(g)pθ = pθ } .
Then Pθ is a parabolic subgroup of G. The unipotent radical Nθ = Ru(Pθ ) of Pθ has
Lie algebra nθ . Let Tθ be the identity component of ∩α∈θKer α. Then the centralizer
Lθ = Z

(Tθ ) of Tθ in G is a connected reductive algebraic subgroup of G. We have
Pθ = Nθ  Lθ .
The Lie algebra of Lθ is equal to lθ .
2.2. There exists a unique element Hθ ∈ h such that
α(Hθ ) =
{
1 if α ∈ Ψ \ θ
0 if α ∈ θ .
Put
gp = {X ∈ g | ad(H θ)X = pX} (p ∈ Z) .
Then we have
lθ = g0, nθ =
⊕
p>0
gp .
Let
nθ = C1  C2  · · ·  Cd  Cd+1 = {0}
be the central descending series; Ck+1 = [Ck, nθ ]. Then we have
Ck =
⊕
p≥k
gp (k = 1, · · · , d)
(see [10, Lemma II,1,1]) and (Lθ ,Ad, Vk) (Vk = Ck/Ck+1 = gk , k = 1, · · · , d) is a
prehomogeneous vector space (see [9, Cor.4.1.11]). Note that the last member Cd = Vd of
the central descending series is contained in the center of nθ .
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PROPOSITION 2.2.1. If g is simple, then
1) d = γ (Hθ) = ∑α∈Ψ \θ mα where γ = ∑α∈Ψ mαα is the highest root of g with
respect to Ψ ,
2) Cd = Vd is the center of nθ ,
3) the rational representation (Ad, Vd) of Lθ is irreducible.
Proof. 1) Clearly we have
d = Max{α(Hθ) | α ∈ Φ} ≥ γ (Hθ) .
Take a β ∈ Φ such that β(Hθ) = d . Then β = γ − ∑α∈Ψ nαα with 0 ≤ nα ∈ Z. Then
γ (Hθ) = d +
∑
α∈Ψ
nαα(H
θ) ≥ d .
2) Take any non-zero X ∈ Z(nθ ). We can suppose that X is an element of gβ for some
β ∈ Φ+. Put β = γ − ∑α∈Ψ nαα with 0 ≤ nα ∈ Z. We have (γ, β) ≥ 0, because γ is the
highest root of g with respect to Ψ and β ∈ Φ+. If (γ, β) > 0, then
λ = γ − β =
∑
α∈Ψ
nα · α
is an element of Φ+. So we have [X, gλ] = 0, and gλ ⊂ nθ . In other words λ(Hθ) = 0.
Then β(Hθ) = γ (Hθ) = d , and X ∈ Vd .
3) We will show that Vd is generated by a non-zero element of gγ as a lθ -module. If
so, the representation (Ad, Vd) is irreducible representation of Lθ by [13, LA7.4, Th.3.1].
Take any non-zero X ∈ gβ ⊂ Vd (γ = β ∈ Φ). Since β(Hθ) = γ (Hθ) = d , we can write
β = ∑mi=0 αi with α0 = γ and −αi ∈ θ for i = 1, · · · ,m. Here any partial sum of ∑i αi
is not equal to zero. Now 0 < (β, β) = ∑mi=0(β, αi) implies that (β, αi1) > 0 for some
0 ≤ i1 ≤ m. Then β ′ = β − αi1 ∈ Φ. Repeat the same procedure to β ′, we get
β = −λ1 − · · · − λp + γ − λp+1 − · · · − λm
with λi ∈ θ such that
−λ1 − · · · − λj ∈ Φ for 1 ≤ j ≤ p,
−λ1 − · · · − λp + γ ∈ Φ,
−λ1 − · · · − λp + γ − λp+1 − · · · − λk ∈ Φ for p < k ≤ m.
Put α = −λ1 − · · · − λp. Then we can write
X = [X−λm[· · · [X−λp+1, [Xα,Xγ ]] · · · ]]
for some Xλ ∈ gλ. 
2.3. Let Ω be the Zariski open Lθ -orbit of the prehomogeneous vector space (Lθ ,Ad,
Vd). We will consider some sufficient conditions for the property
(E)
 
{g ∈ G(C) | Ad(g)Ω ∩ Ω = ∅} = Pθ (C).
The property (E)
 
is equivalent either of the following:
1) {g ∈ G(C) | Ad(g)X = X} ⊂ Pθ (C) for all X ∈ Ω ,
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2) {g ∈ G(C) | Ad(g)X = X} ⊂ Pθ (C) for some X ∈ Ω .
Let us start with the following lemma which is shown in [5, Remark 3.8.5].
LEMMA 2.3.1. Let X ∈ g be a nilpotent element and (X,H, Y ) a sl2-triple due to
Jacobson-Morozov theorem. Let gk be the k-eigen space of ad(H) on g for k ∈ Z. Then
n = ⊕k>0 gk is independent of the choice of H and Y in the sl2-triple. We will call n the
nilpotent algebra attached to X.
Now we have the following sufficient condition for the property (E)
 
;
PROPOSITION 2.3.2. If Hθ ∈ ad(X)g for some X ∈ Ω, then
1) d = 1 or 2,
2) the parabolic subgroup Pθ has property (E)
 
.
Proof. There exists a sl2-triple (X, 2d H θ , Y ) (Y ∈ V−d ) by [4, Ch.VIII, §11, no.2,
Lemma 6]. Note that the eigenvalues of ad(H θ) on g are {0,±1,±2, · · · ,±d}. On the
other hand, since 2
d
H θ is a semisimple member of a sl2-triple, the eigenvalues of 2d ad(H
θ)
on g must be integers. So d is 1 or 2. Then nθ is the nilpotent algebra attached to X defined
in Lemma 2.3.1. For any g ∈ G(C), the nilpotent algebra attached to a nilpotent element
Ad(g)X is Ad(g)nθ . So if Ad(g)X = X, then we have Ad(g)nθ = nθ , and g ∈ P(C). 
Note that if Hθ ∈ Ad(X)g for some X ∈ Ω then Hθ ∈ Ad(X)g for all X ∈ Ω ,
because Ω is a Lθ (C)-orbit and Ad(l)H θ = Hθ for all l ∈ Lθ (C).
Finally we have the following theorem;
THEOREM 2.3.3. If Pθ is a maximal parabolic subgroup of G and the prehomoge-
neous vector space (Lθ ,Ad, Vd) has a non-trivial relative invariant, then
1) d = 1 or 2,
2) Pθ has property (E)
 
.
Proof. Let p be a non-trivial relative invariant of (Lθ ,Ad, Vd) with character χ . By
the paring 〈X,Y 〉 = B

(X, Y ) (X ∈ Vd , Y ∈ V−d ), the dual space of Vd is identified with
V−d . Then the log-derivative of p gives a regular map
ϕp : Ω → V−d
and we have
dχ(Y ) = 〈ad(Y )X, ϕp(X)〉 = B([X,ϕp(X)], Y )
for all Y ∈ lθ (X ∈ Ω). Since a semisimple Lie algebra [lθ , lθ ] has no non-trivial character,
[X,ϕp(X)] ∈ lθ is an element of the orthogonal complement of [lθ , lθ ] with respect to
B

, that is, hθ . Because Pθ is maximal, the dimension of hθ is equal to one. So we have
[X,ϕp(X)] = c · Hθ with c ∈ C. On the other hand we have
B

([X,ϕp(X)],H θ ) = d · 〈ϕp(X),X〉 = d · degp = 0 .
So c = 0 and Hθ ∈ ad(X)g for a X ∈ Ω . Then Proposition 2.3.2 gives the required
statements. 
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3. Results for classical groups
3.1. We will keep the notations of the preceding section, and suppose that g is a
simple classical complex Lie algebra;
g = sl(n + 1,C)(n ≥ 1), o(2n + 1,C)(n ≥ 3), sp(n,C)(n ≥ 1) or o(2n,C)(n ≥ 4) .
Since the property (E)
 
concerns only with the adjoint groups, it is enough to give the data
of the Lie algebra for listing up the cases in which the parabolic subgroup Pθ has property
(E)
 
. By means of case-by-case checking, we have the following table;
 Ψ (E)C if and only if (θ (  ), Ad, Vd(θ))
An α1 − · · · − αn−1 − αn θ = Ψ \ {αr }
1 ≤ ∀r ≤ n
(S(GLr(  ) ×GLn+1−r (  )), ρ,Mr,n+1−r (  ))
ρ(g, h)X = gXh−1
θ = Ψ \ {αr , αs}
1 ≤ ∀r < ∀s ≤ n
r + s = n + 1
(S(GLr(  )×GLs−r (  )×GLr (  )), ρ,Mr(  ))
ρ(g1, g2, g3)X = g1Xg−13
Bn α1 − · · · − αn−1 ⇒αn θ = Ψ \ {α1}
n = any
( × × SO(2n − 1,   ), ρ,M1,2n−1(  ))
ρ(a, g)X = aXg−1
θ = Ψ \ {αr }
1 < r < n, r = even
(GLr(  ) × SO(2n + 1 − 2r,   ), ρ, Altr (  ))
ρ(g, h)X = gX tg
θ = Ψ \ {αn}
n = even
(GLn(  ), ρ, Altn(  ))
ρ(g)X = gX tg
Cn α1 − · · · − αn−1 ⇐αn θ = Ψ \ {αn} (GLn(  ), ρ, Symn(  ))
ρ(g)X = gX tg
θ = Ψ \ {αr }
1 ≤ ∀r < n
(GLr(  ) × Sp(n − r,   ), ρ, Symr (  ))
ρ(g, h)X = gX tg
Dn α1 − · · · − αn−2
〈 αn−1
αn
θ = Ψ \ {α1}
n = any
( × × SO(2n − 2,   ), ρ,M1,2n−2(  ))
ρ(a, g)X = aXg−1
θ = Ψ \ {αr }
1 < r < n−1, r = even
(GLr(  ) × SO(2n − 2r,   ), ρ, Altr (  ))
ρ(g, h)X = gX tg
θ = Ψ \ {αn−1}
n = even
(GLn(  ), ρ, Altn(  ))
ρ(g)X = gX tg
θ = Ψ \ {αn}
n = even
(GLn(  ), ρ, Altn(  ))
ρ(g)X = gX tg
θ = Ψ \ {αn−1, αn}
n = odd
( × × GLn−1(  ), ρ, Altn−1(  ))
ρ(a, g)X = gX tg
.
The meanings of the each column of the table are, from left to right, the type of g, the
Dynkin diagram of the fundamental root system Ψ with each fundamental roots, the neces-
sary and sufficient condition on θ for Pθ having property (E)
 
and the explicit form of the
prehomogeneous vector space (Lθ ,Ad, Vd(θ)). Here we denote by Mm,n(C) the complex
vector space of (m, n)-complex matrices and Mn(C) = Mn,n(C), by Symn(C) the complex
vector space of complex symmetric matrices of size n, and by Altn(C) the complex vector
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space of complex alternating matrices of size n. We define
S
(
l∏
i=1
GLmi (C)
)
=
{
(gi )i=1,··· ,l ∈
l∏
i=1
GLmi (C)
∣∣∣∣
l∏
i=1
det gi = 1
}
Take notice of the following phenomena:
1) there are cases where the property (E)
 
is valid for a parabolic subgroup which
is not maximal over C,
2) the prehomogeneous vector spaces (Lθ ,Ad, Vd(θ)) in the table above are regular
except in the case of An, in this case they are regular if and only if θ = Ψ \ {αr }
with n = 2r + 1 or θ = Ψ \ {αr, αs} with r + s = n + 1.
Looking at the Satake diagram of algebraic groups defined over F0, the following theorem
gives a meaning to the phenomena:
THEOREM 3.1.1. Let G be a classical simple algebraic group defined over F0 and
P a proper parabolic subgroup of G defined over F0. Let
n = C1  C2  · · ·  Cd  Cd+1 = {0}
be the central descending series of the Lie algebra n over C of the unipotent radical N =
Ru(P) of P. Suppose that the Satake diagram of G is
1) of type B or C, or
2) of type A or D with non-trivial Galois action.
Suppose further that the prehomogeneous vector space (P,Ad, Cd) is regular. Then P has
property (E)
 
if and only if P is maximal among the proper parabolic subgroup of G defined
over F0.
Now we will check each cases to verify the table above. The verification is elementary
but tedious. So we will show the details in two typical cases in SO(2n,C). Other cases
are treated similarly. Put gl(n,C) = Mn(C) with Lie bracket [X,Y ] = XY − YX. In the
following subsections, the fundamental roots are
Ψ = {α1, α2, · · · , αn}
and the subset θ is defined by
θ = Ψ \ {αi1 , · · · , αim} (1 ≤ i1 < · · · < im ≤ n) .
The vector space Vd(θ) is the center of nθ (see Proposition 2.2.1).
3.2. Let G be an algebraic group defined over C such that
G(C) = SL(n + 1,C) = {g ∈ GL(n + 1,C) | det g = 1}
and
g = sl(n + 1,C) = {X ∈ gl(n + 1,C) | tr X = 0} .
Then
h = {diagonal matrix ∈ g} ,
Φ = {±(λi − λj ) | 1 ≤ i < j ≤ n + 1} ,
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Ψ = {αi = λi − λi+1 | 1 ≤ j ≤ n} ,
where λi ∈ h∗ is defined by λi
⎡
⎢⎣
a1
. . .
an+1
⎤
⎥⎦ = ai . Then Pθ has property (E)
 
only if
m = 1 or 2, otherwise there exists a root β such that β(Hθ) = −1 and [gβ, Vd(θ)] = 0. If
m = 1, then Pθ always has property (E)
 
. If m = 2, then Pθ has property (E)
 
if and only
if i1 + i2 = n + 1.
3.3. Let G be an algebraic group defined over C such that
G(C) = SO(2n + 1,C) = {g ∈ SL(2n + 1,C) | tgJn,n+1g = Jn,n+1}
and
g = o(2n + 1,C) = {X ∈ gl(2n + 1,C) | tXJn,n+1 + Jn,n+1X = 0}
where
Jn,n+1 =
⎡
⎣ 1n−1
1n
⎤
⎦ (1n : unit matrix of size n) .
Then
h =
⎧⎨
⎩
⎡
⎣A 0
−A
⎤
⎦
∣∣∣∣ A = diagonal matrix ∈ Mn(C)
⎫⎬
⎭
Φ = {±(λi − λj ),±(λi + λj ),±λk | 1 ≤ i < j ≤ n, 1 ≤ k ≤ n}
Ψ = {αi = λi − λi+1, αn = λn | 1 ≤ i < n} .
where λi ∈ h∗ is defined by λi
⎡
⎣A 0
−A
⎤
⎦ = ai with A =
⎡
⎢⎣
a1
. . .
an
⎤
⎥⎦. Then Pθ
has property (E)
 
only if
1) θ = Ψ \ {αn} and n > 1,
2) θ = Ψ \ {α1, αn} and n > 1,
3) θ = Ψ \ {α1},
4) θ = Ψ \ {αi} with 1 < i < n,
otherwise there exists a root β such that β(Hθ) = −1 and [gβ, Vd(θ)] = 0. For each cases,
we have
case (E)
 
if and only if
1) n = even
2) never
3) always
4) i = even
.
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3.4. Let G be an algebraic group defined over C such that
G(C) = Sp(n,C) = {g ∈ GL(2n,C) | tgJng = Jn}
and
g = sp(n,C) = {X ∈ gl(2n,C) | tXJn + JnX = 0}
where
Jn =
[
0 1n
−1n 0
]
.
Then
h =
{[
A 0
0 −A
] ∣∣∣∣ A = diagonal matrix ∈ Mn(C)
}
,
Φ = {±(λi − λj ),±(λi + λj ),±2λk | 1 ≤ i < j ≤ n, 1 ≤ k ≤ n} ,
Ψ = {αi = λi − λi+1, αn = 2λn | 1 ≤ i < n} ,
where λi ∈ h∗ is defined by λi
[
A 0
0 −A
]
= ai with A =
⎡
⎢⎣
a1
. . .
an
⎤
⎥⎦. Then Pθ has
property (E)
 
if and only if m = 1.
3.5. Let G be an algebraic group defined over C such that
G(C) = SO(2n,C) = {g ∈ SL(2n,C) | TgJn,ng = Jn,n}
with n ≥ 4 and
g = o(2n,C) = {X ∈ gl(2n,C) | tXJn,n + Jn,nX = 0}
where
Jn,n =
[
0 1n
1n 0
]
.
Then
h =
{[
A 0
0 −A
] ∣∣∣∣ A = diagonal matrix ∈ Mn(C)
}
,
Φ = {±(λi − λj ),±(λi + λj ) | 1 ≤ i < j ≤ n} ,
Ψ = {αi = λi − λi+1, αn = λn−1 + λn | 1 ≤ i < n} .
where λi ∈ h∗ is defined by λi
[
A 0
0 −A
]
= ai with A =
⎡
⎢⎣
a1
. . .
an
⎤
⎥⎦. Then Pθ has
property (E)
 
only if
1) θ = Ψ \ {αn},
2) θ = Ψ \ {αn−1, αn},
3) θ = Ψ \ {α1, αn},
4) θ = Ψ \ {α1, αn−1, αn},
5) θ = Ψ \ {α1},
6) θ = Ψ \ {αr } with 1 < r < n,
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7) θ = Ψ \ {α1, αr } with 1 < r < n − 1,
8) θ = Ψ \ {αn−1} (this case is isomorphic to the case θ = Ψ \ {αn}),
9) θ = Ψ \ {α1, αn−1} (this case is isomorphic to the case θ = Ψ \ {α1, αn}),
otherwise there exists a root β such that β(Hθ) = −1 and [gβ, Vd(θ)] = 0. For each cases,
we have
case (E)
 
if and only if
1) n = even
2) always
3) never
4) never
5) always
6) r = even
7) never
8) n = even
9) never
.
We will show the details in cases 5) and 6) in the following two subsections. Other
cases are treated similarly.
3.5.1. Put θ = Ψ \ {α1}. Then
Lθ (C) =
⎧⎪⎪⎨
⎪⎪⎩
⎡
⎢⎢⎣
t 0 0 0
0 a 0 b
0 0 t−1 0
0 c 0 d
⎤
⎥⎥⎦
∣∣∣∣ t ∈ C×,
[
a b
c d
]
∈ SO(2n − 2,C)
⎫⎪⎪⎬
⎪⎪⎭
,
(a, b, c, d ∈ Mn−1(C)) and
nθ =
{[
A B
0n − tA
] ∣∣∣∣ A =
[
0 A12
0 0n−1
]
, B =
[
0 B12
− tB12 0n−1
]
with A12, B12 ∈ M1,n−1(C)
}
is commutative. An element g =
⎡
⎢⎢⎣
t 0 0 0
0 a 0 b
0 0 t−1 0
0 c 0 d
⎤
⎥⎥⎦ ∈ Lθ (C) acts on
[
A B
0n − tA
]
∈ nθ by
Ad(g)
[
A B
0n − tA
]
=
[
A′ B ′
0n − tA′
]
, A′ =
[
0 A′12
0 0n−1
]
, B ′ =
[
0 B ′12− tB ′12 0n−1
]
where (A′12, B ′12) = t · (A12, B12)
[
a b
c d
]−1
. So the Zariski open Lθ -orbit is
Ω =
{[
A B
0n − tA
]
∈ nθ
∣∣∣∣ A12 · tB12 = 0
}
,
and the prehomogeneous vector space (Lθ ,Ad, nθ ) is regular. Fix an element
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X =
[
A B
0n − tA
]
∈ Ω with A12 = (1, 0, · · · , 0), B12 = (1, 0, · · · , 0) .
and suppose g =
[
a b
c d
]
∈ SO(2n,C) (a, b, c, d ∈ Mn(C)) fixes X; Ad(g)X = X. Put
a =
[
a1 a12
a21 a2
]
, c =
[
c1 c12
c21 c2
]
with a2, c2 ∈ Mn−1(C) .
Then cA = − tAc implies − tc21 = c12 = (t, 0, · · · , 0) (t ∈ C). On the other hand,
aA = Aa + Bc implies a21A12 = − tB12c12 and hence − ta21 = (t, 0, · · · , 0). Finally the
relation A12a21 + B12c21 = 0 implies t = 0. Therefore we have g ∈ Pθ (C).
3.5.2. Put θ = Ψ \ {αr } (1 < r < n). Then
Lθ (C) =
⎧⎪⎪⎨
⎪⎪⎩
⎡
⎢⎢⎣
h 0 0 0
0 a 0 b
0 0 th−1 0
0 c 0 d
⎤
⎥⎥⎦
∣∣∣∣ h ∈ GLr(C),
[
a b
c d
]
∈ SO(2n − 2r,C)
⎫⎪⎪⎬
⎪⎪⎭
(a, b, c, d ∈ Mn−r (C)) and
Z(nθ ) =
{[
0n B
0n 0n
] ∣∣∣∣ B =
[
B1 0
0 0
]
with B1 ∈ Altr (C)
}
where Altr (C) is the complex vector space of complex alternating matrices of size r . Then
Ω =
{[
0n B
0n 0n
]
∈ Z(nθ )
∣∣∣∣ B1 ∈ Altr (C) : of maximal rank
}
is the Zariski open Lθ -orbit in Z(nθ ). Fix an element
X =
[
0n B
0n 0n
]
∈ Ω, B =
[
B1 0
0 0
]
, B1 ∈ Altr (C) : of maximal rank .
Assume r is even, so that B1 ∈ GLr(C). Suppose g =
[
a b
c d
]
∈ SO(2n,C) (a, b, c, d ∈
Mn(C)) fixes X; Ad(g)X = X. Put
a =
[
a1 a12
a21 a2
]
, c =
[
c1 c12
c21 c2
]
with a2, c2 ∈ Mn−1(C) .
Then the relations cB = 0 and Bc = 0 imply c1 = 0, c21 = 0 and c12 = 0. On the other
hand the relation aB = Bd implies a21 = 0. So g is an element of Pθ (C).
If r is odd, then there exists a non-zero complex matrix c12 of size (r, n− r) such that
Bc12 = 0. Then
g =
[
1n 0n
c 1n
]
with c =
[
0r c12
− tc12 0n−r
]
is an element of SO(2n,C) fixing X, but it is not an element of Pθ (C).
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4. Case of Hermitian symmetric space
4.1. Let G be a connected semisimple linear algebraic group defined over R. Let S
be a maximal R-split torus of G defined over R and T a maximal torus of G defined over
R such that S ⊂ T. The Lie algebra g
 
= Lie G over C has a R-structure g. We will apply
the same conventions for other algebraic groups defined over R. Put a
 
= Lie S = a⊗

C.
For the sake of simplicity, let us suppose that G is simply connected. Then the group
G = G(R) of real points on G is connected semisimple real Lie group with finite center.
We have a canonical identification g with the Lie algebra of real Lie group G. Then there
exists a Cartan decomposition g = k ⊕ p such that a ⊂ p (see [8, p.130]). Let K be
a connected analytic subgroup of G corresponding to k, so that K is a maximal compact
subgroup of G.
In this section, we will suppose that the symmetric space G/K has a G-invariant
complex structure.
Then there exists a H0 ∈ Z(k) such that
(
ad(H0)|
)2 = −1. The boundary compo-
nents of the bounded symmetric domain G/K correspond bijectively to the (H1)-homomor-
phisms of sl2(R) to g (see [11, Chap.III]). Let κ : sl2(R) → g be a (H1)-homomorphism
with respect to H ′0 = 12
[
0 1
−1 0
]
and H0, that is, a R-Lie algebra homomorphism such that
κ ◦ ad(H ′0) = ad(H0) ◦ κ . Put
Xκ = κ
[
1 0
0 −1
]
, eκ = κ
[
0 1
0 0
]
, e−κ = κ
[
0 0
1 0
]
.
The eigen values of ad(Xκ) are within {0,±1,±2}, and let us denote by lκ , Vκ and Uκ the 0,
1, and 2-eigen spaces of ad(Xκ) on g respectively. Put nκ = Vκ⊕Uκ and bκ = lκ⊕nκ . Then
there exists a parabolic subgroup Pκ of G defined over R such that Lie Pκ = bκ⊗

C, which
is the parabolic subgroup corresponding to the boundary component of G/K attached to
κ . The parabolic subgroup Pκ has a Levi decomposition Pκ = Nκ  Lκ over R where
Lie Lκ = lκ ⊗

C and Lie Nκ = nκ ⊗

C. The parabolic subgroup Pκ is a standard with
respect to T. Then, with notations of §2, the element Hθ ∈ h
 
= Lie T corresponding to
Pκ is
Hθ =
{
Xκ if Vκ = {0}
1
2Xκ if Vκ = {0} ,
and (Lκ ,Ad, Uκ,  ) is the prehomogeneous vector space we are concerned with.
4.2. The vector space Uκ has a structure of formally real Jordan algebra with respect
to a product X • Y = 12 [[X, e−κ ], Y ] with unit eκ ∈ Uκ (see [12, p. 245 Remark]). Let U invκ, 
be the set of invertible elements of complex Jordan algebra Uκ,  . The invertible elements
are characterized as elements X ∈ Uκ,  such that detX = 0, where det is the determinant
on Uκ,  which is a homogeneous polynomial function on Uκ,  (see [6, p.29]). Then U invκ, 
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is a Zariski-open Ad(Lθ (C))-orbit in Uκ,  . This means that the prehomogeneous vector
space (Lκ ,Ad, Uκ,  ) is regular, because Lκ is reductive. On the other hand we have
[eκ, e−κ ] = κ[
[
0 1
0 0
]
,
[
0 0
1 0
]
] = Xκ .
So Hθ ∈ ad(eκ)g
 
with eκ ∈ U invκ,  . Because of Proposition 2.3.2, this means that the
parabolic subgroup Pθ has property (E)
 
. Thus we have proved the following theorem:
THEOREM 4.2.1. Let P be a parabolic subgroup of G corresponding to a boundary
component of the bounded symmetric domain G/K, and P = N  L a Levi decomposition
over R. Let
n = C1  C2  · · ·  Cd  Cd+1 = {0}
be the central descending series of the Lie algebra n of N over C. Then
1) the prehomogeneous vector space (L,Ad, Cd) is regular,
2) P has property (E)
 
.
REMARK 4.2.2. If g is simple, a parabolic subgroup of G corresponding to a bound-
ary component of G/K is maximal over R. But, in general, it is not maximal over C.
5. Connection with nilpotent orbits
5.1. The meanings of the property (E)
 
is most clearly seen from a geometric point
of view, or a connection with nilpotent adjoint orbits in a complex semisimple Lie algebras.
Throughout this section, let us denote by G a connected semisimple algebraic group defined
over C and g = Lie(G) the Lie algebra of G over C.
5.2. Let P be a proper parabolic subgroup of G and Cd the last non-zero member
of the central descending series of the Lie algebra n = Lie(N) of the unipotent radical
N = Ru(P) of P. Let Ω be the Zariski open Ad(P(C))-orbit in Cd . Take a X ∈ Ω and
let us denote by OX = Ad(G(C))X the nilpotent G(C)-orbit through X. Notice that the
adjoint orbitOX is a complex submanifold of g such that
G(C)/GX(C) →˜OX (g˙ → Ad(g)X)
(GX is the fix point subgroup of X) and
OX =
⋃
g˙∈/(  )
Ad(g)Ω .
Now the following three conditions are equivalent:
1) P has the property (E)
 
,
2) GX ⊂ P,
3) OX = ⊔g˙∈ /(  ) Ad(g)Ω .
More precisely, the following three conditions are equivalent:
1) P has the property (E)
 
,
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2) there exists a G(C)-equivariant map π : OX → G/P(C),
3) OX has a structure of a fibre bundle over the projective variety G/P(C) defined
by
π : OX  Ad(g)X → g˙ ∈ G/P(C) .
The last statement is rephrased so that the nilpotent orbitOX is isomorphic to the associated
bundle of the principal P(C)-bundle
G(C) → G/P(C)
with the adjoint action of P(C) on Ω . The isomorphism is given by
(G(C) × Ω)/P(C)  (g, Y )P(C) ˜→ Ad(g)Y ∈ OX ,
or
G(C)/GX(C)  g˙ ˜→ (g,X)P(C) ∈ (G(C) × Ω)/P(C) .
The fibre of each point g˙ ∈ G/P(C) is π−1(g˙) = Ad(g)Ω .
REMARK 5.2.1. Suppose that G is defined over R and the symmetric space G/K
is Hermitian, where K is a maximal compact subgroup of the real semisimple Lie group
G = G(R). Let Pi (1 ≤ i ≤ r , r = real rank of G) be the standard parabolic subgroups
of G corresponding to the boundary components of G/K . Then Pi has property (E)
 
by
Theorem 4.2.1. Let Oi (1 ≤ i ≤ r) be the nilpotent G(C)-orbits associated with Pi as
above. Then the complexification Ad(G(C))WF(π) of the wave front set WF(π) of a
holomorphic discrete series π of G is the union of {0} and Oi (1 ≤ i ≤ r).
5.3. For the classical simple groups over C, we have obtained in §3 a complete list
of the parabolic subgroups P having the property (E)
 
. Here we present the corresponding
nilpotent orbits, arranged in the Hasse diagram of the closure relation, with the weighted
Dynkin diagram of the nilpotent orbit, and the subset θ of the fundamental root system Ψ
parameterizing the standard parabolic subgroups Pθ . The nilpotent orbits are represented
by the partitions of rank of g according to the conventions of [5, Chap. 5]. The numbering
of the fundamental roots is the same as the table given in §3.
Take notice of the following phenomena:
1) Except the case of sln+1(C), the correspondence between nilpotent orbits and par-
abolic subgroups is bijective and all prehomogeneous vector spaces (P,Ad, Cd)
are regular.
2) In the case of sln+1(C), three parabolic subgroups give one nilpotent orbit
[2r , 1n+1−2r ], among which only one parabolic subgroup gives a regular pre-
homogeneous vector space (P,Ad, Cd).
3) The weighted Dynkin diagrams of the nilpotent orbits are pure, that is, the non-
zero labels are the same values.
4) The non-zero labels in the weighted Dynkin diagram are placed exactly on the
roots in Ψ \ θ .
An explanation of these phenomena will be given in the subsection 5.4.
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5.3.1. The case of g = sln+1(C) (n ≥ 1).
[2(n+1)/2] if n + 1 = even · · · · · ·
α1 αn−12
αn+1
2
αn+3
2 αn
θ = Ψ \ {αn+1
2
}...
[2r , 1n+1−2r ]
0 0 2 0 0
· · · · · · · · ·
α1 αr−1 αr αr+1 αn−r αn+1−r αn+2−r αn
θ =
⎧⎪⎨
⎪⎩
Ψ \ {αr}
Ψ \ {αn+1−r }
Ψ \ {αr, αn+1−r }
0 0 1 0 0 1 0 0
(1 ≤ r < (n + 1)/2)
...
[2, 1n−1]
The semisimple Lie algebra sln+1(C) has real forms su(p, q,C) (p+ q = n+ 1, p ≤
q) whose associated symmetric spaces G/K are Hermitian. The parabolic subgroup Pθ
with θ = Ψ \ {αr, αn+1−r } (1 ≤ r ≤ p) or θ = Ψ \ {αn+1
2
} (if p = q) are the parabolic
subgroups corresponding to boundary components of the bounded symmetric domain G/K
(see Remark 5.2.1 above). [2, 1n−1] is the minimal nilpotent orbit.
5.3.2. The case of g = so(2n + 1,C) (n ≥ 3).
[2n, 1] if n = even · · ·
α1 αn−1 αn
θ = Ψ \ {αn}
0 0 1
[2n−1, 13] if n = odd · · ·
α1 αn−2 αn−1 αn
0 0 1 0
θ = Ψ \ {αn−1}
...
[2r , 12n+1−2r ] · · · · · · θ = Ψ \ {αr }
α1 αr−1 αr αr+1 αn−1 αn
0 0 1 0 0 0
(1 < r ≤ n, r = even)
[3, 12n−2] · · ·
α1 α2 αn−1 αn
2 0 0 0
θ = Ψ \ {α1}
...
...
...
[22, 12n−3]
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The semisimple Lie algebra so(2n+1,C) has a real form so(2, 2n−1,R) whose asso-
ciated symmetric space G/K is Hermitian. The nilpotent orbits [22, 12n−3] and [3, 12n−2],
or corresponding parabolic subgroups, are coming from the boundary components of G/K .
The representation theoretic meanings of the nilpotent orbits [2r , 12n+1−2r ] with r > 2 are
unknown. [22, 12n−3] is the minimal nilpotent orbit.
5.3.3. The case of g = sp(n,C) (n ≥ 1).
[2n] · · · θ = Ψ \ {αn}
α1 αn−2 αn−1 αn
0 0 0 2
...
[2r , 12n−2r ] · · · · · · θ = Ψ \ {αr }
(1 ≤ r < n)
α1 αr−1 αr αr+1 αn−1 αn
0 0 1 0 0 0
...
[2, 12n−2]
The semisimple Lie algebra sp(n,C) has a real form sp(n,R) whose associated sym-
metric space G/K is Hermitian. The nilpotent orbits, or the corresponding parabolic sub-
groups, listed above are coming from the boundary components of G/K . [2, 12n−2] is the
minimal nilpotent orbit.
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5.3.4. The case of g = so(2n,C) (n ≥ 4).
[2n]I · · ·
α1 αn−2
αn−1
αn
0 0
0
2
[2n]II · · · θ = Ψ \ {αn−1}
α1 αn−2
αn−1
αn
0 0
2
0
if n = even
[2n−1, 12] · · · θ = Ψ \ {αn−1, αn}
α1 αn−2
αn−1
αn
0 0
1
1
if n = odd
...
[2r , 12n−2r ]
· · · · · · θ = Ψ \ {αr }
(1 < r < n − 1,
r = even)
α1 αr−1 αr αr+1 αn−2
αn−1
αn
0 0 1 0 0
0
0
[3, 12n−3] · · ·
θ = Ψ \ {α1}
α1 α2 αn−2
αn−1
αn
2 0 0
0
0
...
...
...
...
[22, 12n−4]
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The semisimple Lie algebra so(2n,C) has a real form so(2, 2n − 2,R) whose asso-
ciated symmetric space G/K is Hermitian. The nilpotent orbits [22, 12n−4] and [3, 12n−3],
or the corresponding parabolic subgroups, are coming from the boundary components of
G/K . The representation theoretic meanings of the nilpotent orbits [2r, 12n−2r ] with r > 2
are unknown. [22, 12n−4] is the minimal nilpotent orbit.
5.4. Let us recall some aspects of Z-gradations of a semisimple Lie algebra.
A Z-gradation g = ⊕i∈gi is a direct sum decomposition of g into C-vector sub-
spaces gi such that [gi, gj ] ⊂ gi+j . Then there exists a semisimple element H ∈ g such
that gi is the i-eigen space of ad(H) in g. In this case, the Z-gradation g = ⊕i gi is said
to be associated with the semisimple element H . There also exists a Cartan subalgebra h
of g and a fundamental root system Ψ of (g, h) such that H ∈ h and α(H) is non-negative
integer for all α ∈ Ψ . The Dynkin diagram of Ψ with a label α(H) at each α ∈ Ψ is
called the weighted Dynkin diagram. The G(C)-conjugacy class of the Z-gradation is de-
termined by the semisimple G(C)-orbitOH of H , or by the weighted Dynkin diagram with
non-negative integral weights.
Let {X0,H0, Y0} be a sl2-triple (that is [X0, Y0] = H0, [H0,X0] = 2X0, [H0, Y0] =
−2Y0) in g. Then we have a Z-gradation g = ⊕i∈gi associated with the semisimple
element H0 of g. Let us call this kind of Z-gradation a Z-gradation of Dynkin-Kostant type.
The Dynkin-Kostant classification theory of nilpotent orbits says that the G(C)-conjugacy
classes of the Z-gradations of Dynkin-Kostant type correspond bijectively to the nilpotent
G(C)-orbits in g.
Let p be a parabolic subalgebra of g and p = l ⊕ n a Levi decomposition. Then there
exists a semisimple element H

of g, and a Z-gradation g = ⊕i∈gi of g associated with
H

, such that l = g0 and the central descending series
n = C1  C2  · · ·  Cd  Cd+1 = {0}
is given by Ck = ⊕i≥k gi (see §2). We will call this kind of Z-gradation a Z-gradation of
parabolic type. The Z-gradations of parabolic type correspond bijectively to the weighted
Dynkin diagram whose connected components are purely labeled.
5.5. Let h be a Cartan subalgebra of g, and Ψ a fundamental root system of (g, h).
Let O be a nilpotent G(C)-orbit in g. Then there exists a sl2-triple {X0,H0, Y0} in g
such that X0 ∈ O and α(H0) = 0, 1, or 2 for all α ∈ Ψ . Let g = ⊕i∈gi be the Z-
gradation of Dynkin-Kostant type associated with the sl2-triple {X0,H0, Y0}. Let G0 be
the connected algebraic subgroup of G such that Lie(G0) = g0. Then (G0,Ad, g2) is a
regular prehomogeneous vector space whose Zariski open G0(C)-orbit is given by
Ω = {X ∈ g2 | there exists a sl2-triple {X,H0, Y }} = {X ∈ g2 | H0 ∈ ad(g)X}
(see [9, Prop.4.1.4.]). The last equality is due to [4, Ch.VIII, §11, no.2, Lemma 6]. Let
P be a connected algebraic subgroup of G such that Lie(P) = p = ⊕i≥0 gi . Then P is a
proper parabolic subgroup of G. The Lie algebra of the unipotent radical N = Ru(P) of P
is n = ⊕i>0 gi .
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Assume that gi = 0 for all i > 2. Then [n, g2] = 0, and the adjoint action of N on g2
is trivial. So Ω is a P(C)-orbit. Clearly X0 ∈ Ω and H0 ∈ ad(g)X0. Then, by the same
argument as in the proof of Proposition 2.3.2, we have
{g ∈ G(C) | Ad(g)Ω ∩ Ω = ∅} = P(C) ,
or equivalently, the nilpotent orbit O is a fibre bundle over a projective variety G/P(C)
defined by
π : O  Ad(g)X0 → g˙ ∈ G/P(C) ,
and the fibre is π−1(g˙) = Ad(g)Ω . In this case, let us call O a nilpotent orbit of regular
commutative parabolic type. We want to determine all nilpotent orbits of this kind. We
have the following proposition.
PROPOSITION 5.5.1. If gi = 0 for all i > 2 for a Z-gradation g = ⊕i∈gi of
Dynkin-Kostant type, then the gradation is of parabolic type. In particular, the corre-
sponding parabolic subgroup P of G has property (E)
 
.
Proof. We can assume that g is simple. Let g = ⊕i∈gi be a Z-gradation of Dynkin-
Kostant type with respect to a sl2-triple {X0,H0, Y0}. Let h ⊂ g be a Cartan subalgebra
such that H0 ∈ h. Then the condition gi = 0 for all i > 2 means that α(H0) ≤ 2 for the
highest root α of (g, h) with respect to the fundamental root system Ψ . In particular, on the
weighted Dynkin diagram, the possible cases are
1) label 1 or 2 at only one simple root and label 0 at other simple roots,
2) label 1 at two simple roots and label 0 at other simple roots.
Either of them are pure weighted Dynkin diagram, and the gradation is of parabolic
type. 
Using the data on the root systems given by [3, Planches I–IX] and the data on the weighted
Dynkin diagrams of nilpotent orbits given by [5] (in particular section 8.4 for the excep-
tional Lie algebras), we have the following results:
1) if g is a classical Lie algebra, the nilpotent orbits of regular commutative parabolic
type are exactly the nilpotent orbits listed in the subsection 5.3. Notice that we
can point out, for the nilpotent orbit [2r , 1n+1−2r ] (1 ≤ r < (n + 1)/2) in the
case of type An, the parabolic subgroup which gives a regular prehomogeneous
vector space (Lθ ,Ad, Cd).
2) if g is an exceptional Lie algebra, the complete list of nilpotent orbits of regular
commutative parabolic type is given by the following table.
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type Dynkin diagram weights
G2 1 0 (minimal orbit)
F4
1 0 0 0 (minimal orbit)
0 0 0 1
E6
1
0 0 0 0 0 (minimal orbit)
0
1 0 0 0 1
E7
0
0 0 0 0 0 1 (minimal orbit)
0
0 1 0 0 0 0
0
2 0 0 0 0 0
E8
0
1 0 0 0 0 0 0 (minimal orbit)
0
0 0 0 0 0 0 1
In the table, the column “weights” presents the weights in the weighted Dynkin
diagram corresponding to a nilpotent orbit (see also the tables in [5, pp.128–
134]).
The nilpotent orbits, or the associated parabolic subgroups, for the cases of E6 and E7
listed above are coming from the boundary components of the bounded symmetric domains
associated with real forms of g. On the other hand, the nilpotent orbits for the cases G2,
F4 and E8 have nothing to do with any Hermitian structure. Their representation theoretic
meanings are unknown.
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